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1 Definition

1.1 Surface language
1.1.1 Syntax

Effect operations

op
Effects
e == sets of effect operations
Base types
¢ == bool|int|L]..
Type variables
o, B,y
Types
A B,C,D := a«a|t|A—eB
Type schemes
o = A|Vao
Constants
¢ = true|false| 0|+ ..
Terms
M == z|c|iz.M| M My|letx = M in M, |
#op(M) | handle M with H | resume M
Handlers
H == retunz — M | H;op(z) > M
Typing contexts
I == §|T,z:0|T,

Convention 1. We write Va'ST. A for Vay...V a,.A where I = {1,...,n}. We often omit indices (i and j) and
index sets (I and J) if they are not important: for evample, we often abbreviate ¥V a'<1. A to ¥V a!. A or even V. A.
Similarly, we use a bold font for other sequences (Aie] for a sequence of types, v*€! for a sequence of values, and
s0 on). We sometimes write {a} to view the sequence « as a set by ignoring the order. We also write ¥ a!.o”’ for
a sequence Val.oj,, ..., Val.o; of type schemes (where J = {j1,...,jn})-

Definition 1 (Domain of typing contexts). We define dom(T) as follows.

dom (T, z:0) def dom(T") U {z}

dom(T', @) e dom(T") U {a}

Definition 2 (Free type variables and type substitution in type schemes). Free type variables ftv(c) in a type
scheme o and type substitution B[A/a] of A for type variables v in B are defined as usual.



Assumption 1. We suppose that each constant c is assigned a first-order closed type ty(c) of the form 11 —
() --+ ={) tn and that each effect operation op is assigned a signature of the form Ya.A — B. We also assume
that, for ty (op) = Va.A — B, ftv(A) C {a} and ftv(B) C {a}.

Suppose that, for any v, there is a set K, of constants of v. For any constant ¢, ty(c) = ¢ if and only if ¢ € K,.
The function ¢ gives a denotation to pairs of constants. In particular, for any constants ¢y and ca: (1) ((c1, ¢2) is
defined if and only if ty(c1) = ¢ = () A and ty(ca) = ¢ for some A; and (2) if ((c1, c2) is defined, ((c1,c2) is a
constant and ty(¢(c1, c2)) = A where ty(c1) = ¢ = () A.

1.1.2 Typing
Definition 3 (Resumption type). We define resumption type R as follows.
R == none|(a,z:A,B —eC)
(if ftv(A) U fto(B) C {a} and ftv(C) N {a} = 0)

Definition 4 (Type scheme well-formedness). We write I' - o if and only if ftv(c) C dom(T).

Definition 5. Judgments =T and T;RE M : Ale and T; R+ H : Ale = B|€ are the least relations satisfying
the rules in Figure 1.
Term M is a well-typed program of A if and only if O;none = M : A| ().

1.2 Intermediate language
1.2.1 Syntax

Values
v = c|Azr.e

Polymorphic values

w = v|Aaw
Terms
e = zA|c|Mr.e|lee]|letz=Aa.ejines |#op(4,e) |#op(o,w, F) |
handle ewith h | resume ac z.e
Handlers
h == returnz — e | h; Aa.op(z) — e

Evaluation contexts
E = [|(fal = 0)| E¥ e | vy E* |letz = ABT.E" " ine, (if af = B71,47) |
#op(A’, E*") | handle E*' with
Top-level typing contexts
A = DA«

Convention 2. We write E for E® if a is not important.

Definition 6 (Free type variables). We write ftv(e) and ftv(E) for sets of type variables that occur free in e and
E, respectively. The notion of free type variables is defined as usual.

Definition 7 (Substitution). Substitution e[A/a] of A for a in e is defined in a capture-avoiding manner as
usual. Substitution e[w/z] of polymorphic value w for variable x in e is also defined in a standard capture-avoiding
manner: in particular,

(z A)[Accv/z] 2 wv[A/q]

J 1
Substitution e[EBJ/resume]/v\gJ";4 of continuation B8’ for resumptions in e is defined in a capture-avoiding



Well-formed rules for typing contexts

FT 2 & dom(l) Tho FT «a ¢ dom(T)
— WF_EMPTY WF_VAR WF_TYVAR
H Fl,z:0 FTa
Typing rules
F;R"M:A|€‘
FT' z:VaAeT TFHB TS Va FT TS_CONS
_ _CoNST
IsREx: A[B/a]le t T;REc:ty(e)]e
I'z:A;REM:B|¢ TS A I'"REM : A—e Ble T;REMy: Ale € Ce TS A
T;RFAcM:A e Ble o000 T;RF M, My : Ble PP
ty(op) = Va.A—B opece I'REM:AC/a]le TFHC TS.Op
I'RE#op(M) : B[C/a] e -
I'Na;RF M, : Ale T,z:Vo.A;RFE My : Be
- TS_LET
T;RElete = MpinMy: Ble
I"REM:A|e € Ce TS WEA I'"REM:Ale T5R-H:Ale= B|¢ TS Ha
_WEAK _HANDLE
I'"REM: Ale I'; RF handle M with H : B | ¢
FTy,z:D, Ty acly eC¢
I, Is,8,z: A i(a,z:A,B—eC)-M:B !
1T B2 AlBfal (@ A, B e O F M BIBJall¢ o
I,z2:D,Ty;(a,2: A, B —e C)Fresume M : C'| €
I'"REH:A|le= B|¢€
D,x:A;REM:B|e e C¢ THS.R
_RETURN
I''REretunz — M : Ale = B¢ R
I'"RHH:Ale= B|€
ty (op) = Va.C =<+ D T,a,z:C;(a,z:C,D = B)F M : B|¢
THS_Op
I''RE Hiop(z) > M : Alew {op} = B¢
Figure 1: Typing rules in Al
manner, as follows (we describe only important cases).
(resumealx.e)[EB‘]/resume]Xg:,]ij dof o
lety = AB”.e[EP" Jresume]} 5, [A" /o [v/x]in EP" [y 8]

(if (ftv(e) U fro(EP)) N {87} = 0 and y is fresh)

(returnz — e)[E /resume]?, ' returnz — e[E [resume]|?

(h'; A’ .op(z) — e)[E/resume]gl ef h’[E/resume]Z[;AaJ.op(x) —e

Definition 8 (Resumption type). We define resumption type r as follows.

r == none|(a,A,B—eC) (if ftv(A) U ftv(B) C {a} and ftv(C) N {a} = 0)



We also define a set of type variables captured by a resume type:

tyvars(none)
tyvars((a, A, B —¢ C))



Reduction rules €1 ~ ey

cpca ~ (e, c2) (R_CoNST) (Az.e)v ~ elv/z] (R_-BETA)

handlevwithh ~» el[v/z] (R_-RETURN)

letz = Aa.vine ~  e[Aa.v/z] (R-LET) (where AWM — returnz — ¢)

#op(A,v) ~» #op(A,v,[]) (R-Op)

#op(o,w,E)e; ~» #op(o,w, E e) (R-OPAPP1)
vy #op(o, w, E) ~ p(a- w, v E) (R-OPAPP2)
#op' (A #op(o”, w, E)) ~ p(O'J w, #op’ (A’ E))  (R_OPOP)
handle #op(o, w, E)withh ~ #op(o, w, handle E with h)

(Where op & ops(h)) (R-OPHANDLE)

letz = Aol #op(a’, w,E)iney ~

#Op(val-UJ,AaI.w,|et:L’ — Aol Ein 82) (RfoPLET)
handle #op(V 37. A", AB” v, EB )withh  ~»

¢[handle B#” with h/resume]’3, 4" [AT[L/8”]/a|[v[L/B”]/«] (R-HANDLE)
(where h°® = Aal.op(z) — e)

Evaluation rules €1 — €y

€1 ~ €9

—————— E_EVAL
E[el] — E[CQ]

Figure 2: Semantics of \;

1.2.2 Semantics
Definition 9. Relations — and ~~ are the smallest relations satisfying the rules in Figure 2.

Definition 10 (Multi-step evaluation). Binary relation —* over terms is the reflexzive and transitive closure of
—.

Definition 11 (Nonreducible terms). We write e — if there no terms e’ such that e — ¢’.



Typing rules

Tirbe:Ale

FT z:Va.Ael THB T Va T T.Cons
_ _CONST
IsrFaB : A[B/al|e t Iir ke :ty(e)le
Tz:A;r Fe:BJ|€ T Aps Iirbe :A—€e Ble Tsrbey:Ale € Ce T App
Tir-Xxe:A—¢€ Ble N Tirkee: Ble -
ty(op) =Va.A—B op€e Isrke:AlC/alle TEHC T.Op
T;r #op(C,e) : B[C/a]|e -
ty(op) = Val.A—B opece I'tVva’/.C!
r,87;r v :AlC"/a!]|e T+ EP .v@7.(B[C'/a']) — D
8r o AIC!jal)le TEES 08 (BIC ) Dl oo
T;r -#op(VB7.C ,AB v, ER") : De
Dirbe:Ale € Ce T WeAK Iirbe:Ale Tyrbh:Ale= Blé T HANDLE
Iirbe:Ale - ;7 F handleewithh : B | € -
NasrFe tAle To:Va.A;r bey : Ble
- T_LET
I;r blete = Aaeyiney : Be
el I'B,z:A (a,A,B—eC)Fe:B ! Cc ¢
« B,z :AlB/al; (« eC) ke [B/a]|e € Ce T RESUME

I;(a, A, B —¢ C) FresumeBzx.e : C|¢€
Figure 3: Typing rules for terms in /\é\ff.

1.2.3 Typing

Definition 12. Judgments I';r F e : Ale and T;r H h: Ale = B|¢ and T - E : 0 — Ale are the smallest
relations satisfying the rules in Figures 8 and 4.

Convention 3 (Typing judgments of values). We write ' v : A if T;none v : A|e; effect € given to value v
can be any (validated by Lemma 6).

1.2.4 Elaboration

Definition 13. Relation T; R & M : A|e >° e is the smallest relation satisfying the rules in Figure 5.

2 Proofs

2.1 Type soundness of \g
Lemma 1. Suppose that - T1,Ts and - T'1,T'3 and dom(T's) N dom(T's) = @. Then, - T1,T5, Ts.
Proof. Straightforward by induction on I's. O
Lemma 2 (Weakening). Suppose that - T'1,Ty. Let I's be a typing context such that dom(Ts) N dom(T'3) = 0.
1. IfT1,Ts;r Fe: Ale, then 1, T9,Tg;7r Fe : Ale.
2. IfT,Tg;r Fh:Ale= B|é€, thenT'1,T5,T's;r Hh: Ale= B|€.
3. IfT1,TsF E: Ao Ble, thenT1,To, T3 - E: A —o Be.



Tirbh:Ale= B|€

Iz:A;r Fe:Ble e C¢€

TH_RETURN
Iir bFreturnz — e: Ale = B¢

Isr-h:Ale= B|€
ty (op) = Va.C - D T,a,z:C;(a, C,D =€ B) Fe:B|¢

TH_Op
T;r - h;Aaop(z) = e: Aled {op} = B¢
THE:c—Ale|
TE_H
TF[:A oA oLe
'FE:0—(A—€ B)|le Tinonek e :Ale € Ce TE Appl
_Arp
'FFEe:0— Ble
Tinone Fwv : (A—€e B)le THE:0—oAle € Ce TE App2
'Fvy E:0— Ble -
ty(op) =Va.A—B op€e I'FE:0— AC/a]le TFC TE.Op
I'F#op(C,E):0 — B[C/a]|e -
'FE:0c—oAle Tinonetkh:A|le= B¢ TE Ha
_HANDLE
I' - handle Ewithh : 0 — B| €
FFE:0c—A|lé € Ce TE. WEAK
PHE:0-—oAle -
NakFE:0c—oAle T,z:Va.A;none e : Ble
TE_LET

I'kFletz =Aa.Eine:Va.oc — Ble

Figure 4: Typing rules for handlers and continuations in A;.

Proof. By mutual induction on the typing derivations. We mention only the interesting cases.
Case (T_VAR) and (T_ConsT): By Lemma 1.

Case (T_ABS): We are given I'1,T's;r - Az.e’ : A’ =€ B’|e and, by inversion, I'1,T'3,z: A’;r e’ : B'| /. With
loss of generality, we can suppose that z ¢ dom(I'1,T9,T'3). By the IH, I'y,T'5, T3, z: A";r F ¢’ : B'| €. Thus,
by (T_ABs), I'1,Ts,[g; 7 F Az.e/ : A" —¢€ B'|e.

O
Lemma 3. IfFTy,a,Ty and Ty F A, then T4, [A/a].
Proof. By induction on I's. O
Lemma 4. IfT;r e : Ale, thenT.
Proof. By induction on the derivation of I'; r e : Ae. O

Lemma 5 (Type substitution). Suppose that T'y = A and o & tyvars(r) and tyvars(r) C dom(T'2).
1. IfTy,a,T9;7 Fe : Ble, then Ty, Ty [A/a];r[A/a] F e[A/a] : B[A/a]|e.



Term elaboration rules ’F; RFEM:Alex®e ‘

FI' z:Va.A el T'HB ELAB VA FT ErAB.CONS
LAB_ LAB_CONST
I''REz: A[B/al|e>® S(z) B t IREc:ty(e) eS¢

D,z:A;RF M : B|é pSeizele
IsREMN.M - A —¢€ Ble>S Ar.e

ELAB_ABS

IREM :A—é Ble®e T;REMy:AlenSe € Ce
ELAB_APP
F;R"MlMQZB|6DS €1 €

ty(op) = Va.A—= B op€e I''RFM:AC/a]lexe TFC
ErLaB_Op
I;RtE#op(M): B[C/a]|er>% #op(C,e)

I;REM:AledSe T;REH:Ale = Ble>h
T'; R+ handle M with H : B| € t>5 handle e with A

ELAB_HANDLE

Lo REM:Alen®e S8 = 8o {z—ux}
D,z:Vo.d; RF My: BleS e
[sREletz = Myin My : Ble>S letz = Aaepineg

ELAB_LET

R=(a,z:A,B—=e(C) FT1,2z:D,T9 a€ly e¢C¢

yisfresh S = S o {z—y}

[1,Ts,8,z:AlB/al; R+ M : B[B/a]|€ >5 ¢
I'y,z2:D,Ty; REresume M : C|e >5 resumeBy.e

ELAB_RESUME

IREM:Ald e € Ce
REM:AleSe

ELAB_WEAK

Handler elaboration rules ’I‘; RFH:Ale = B|e S h‘

D,z:A;R-M: Bl pSelz=el e e C ¢
[;REretunz — M : Ale = Ble > returnz — e

ELABH_RETURN

ty(op) = Va.C — D T;RFH:Ale = B|e>%h
Ioa,z:Ci(a,z:C,D —€e B)F M : B|e pSolzzt e
I''RE Hiop(z) = M : Alew{op} = B|€¢ > h; Aa.op(z) — e

ErLaBH_OpP

Figure 5: Elaboration rules.

2. IfT'y,a,Tg;r Eh:Ble= C|€, thenT'1,Ty[A/a];r[A/a] F h[A/a] : B[A/a]|e = C[A/a]|€.
3. IfT1,a,TaF E: B — Cle, thenT'1,T2[A/a] F E[A/a] : B[A/a] — C[4/q] €.

Proof. By mutual induction on the typing derivations. We mention only the interesting cases.

Case (T_VAR) and (T_CoNsT): By Lemma 3.

Case (T_RESUME): We are given I'1, a,I's; (8, A, B' =€ B) F resume~ z.e’ : B|e and, by inversion,

o /8 € Flvavr27



o I'a, Ty, vy, 2: A'[v/B]; (B, A, B" =€ B) k¢ : B'[y/B]| €, and

e ¢ Ce
Without loss of generality, we can suppose that a ¢ . By the IH,
I, Ta[A/a],v,2: A [v/B]; (B, A, B —¢ B[A/a]) & €'[A/a] : B'[v/B]|€"

Note that (1) A’'[A/a] = A’, B'[A/a] = B’, and B’[v/B][A/a] = B’[v/B] by the requirement to resume
types and (2) ftv(B[A/a]) N B = 0 since I'; + A and B = tyvars((8, A", B’ — ¢ B)) C dom(I'2) and
dom(I'1) N dom(I'y) = O by Lemma 4. By (T_RESUME), we finish.

O

Lemma 6 (Values can be given any effects). IfT;r Fwv : Ale, thenT;r Fo 2 A|€ for any €.
Proof. Straightforward by induction on the derivation of I';r F v : A|e. O
Lemma 7.

1. If T;none Fe : Ale, thenT;r e : Ale for any r.

2. IfT;none b h:Ale= B|€, thenT;r - h: Ale= B|€ for any r.
Proof. Straightforward by mutual induction on the typing derivations. O
Lemma 8. If+T,z:0,'s, then -11,T5.
Proof. Straightforward by induction on I's. O

Lemma 9 (Value substitution). Suppose that I'1,a! v : A.

1. IfTy,2:Val . A, Ty;r e : Ble, then Ty, Ta;7 - e[Aal.v/z] : Ble.

2. IfTy,2:Val . A Ty;r Fh:Ble= C|¢€, thenT1,Ta;7 - h[Aal.v/z]: Ble= C|¢€.

3. IfT,z:Val . ATo E: B — Cle, then T1,T2 F E[Aal.v/z] : B — C|e.
Proof. By mutual induction on the typing derivations. We mention only the interesting cases.
Case (T_VAR): We are given I'y,z:Va!.A,Ty;r -y C’ : D[C’/B”]| € and, by inversion,

° }—Fl,x:Vo/.A,Fg,
e y:¥B/.D € Ty,z:Val. A Ty, and
e I',z:Val ATy C’.

By Lemma 8, - T'1,T's.

If z # v, then the conclusion is obvious by (T_VAR). Otherwise, if + = y, then Va!.A = V37.D and so we
have to show that
I, Ty Fo[Cl/al] - A[CT Ja!] e

Since I'y,a! Fv: A (ie., I'1,al;none v : A|¢ for some €'), we have it by Lemmas 5, 2, 6, and 7.

Case (T_-CoNsT): By Lemma 8.

Lemma 10. IfT+E® :Va’/.A— Ble andT,a’;none - e : A|(), then T';none F E*'[¢] : B |e.
Proof. By induction on the derivation of T" - E* :Va'.A— B |e.

Case (TE_HOLE): By (T_WEAK).

Case (TE_AppP1) and (TE_ApPP2): By the IH, (T_WEAK), and (T_APP).



Case (TE_OpP): By the IH and (T-OpP).

Case

(

Case (TE_HANDLE): By the IH and (T_HANDLE).
(TE_WEAK): By the IH and (T_WEAK).
(

Case (TE_LET): By the IH and (T_LET).
O

Lemma 11 (Continuation substitution). Suppose that T' - ER . vB’.(B[C'/a']) — D|e and T,B’ + v :
AlCT/a!) and T VY B7.CT.

1. IfT;(a’,A,B —eD) ke : D'|€, then Tsnone b e[28’ /resume]}5,"C" : D' [¢'.

2. IfT;(a!,A,B =€ D) - h:Di|e = Dy|eo, then I';none h[EﬂJ/resume]ngvaI :Dy|er = Daoes.

Proof. By mutual induction on the typing derivations.
1. By case analysis on the typing rule applied last.

Case (T_VAR) and (T_CoNsT): Obvious.

Case (T_ABs), (T_App), (T_OP), (T_WEAK), (T_HANDLE), and (T_LET): By the IH(s) with (if necessary)
weakening (Lemmas 4 and 2).

Case (T_OpPCoONT): By the IH; note that

#op(a,w,E’)[Eﬁ"/resume}xg_‘,].'fj = #op(o, w[EB"/resume]Xg,]ffI,E’).

Case (T_RESUME): We are given I'; (af, A, B —¢ D) F resume~! z.¢’ : D|¢ and, by inversion,
e ol €T,
o '~ z: Ay /al];(al,A,B —e D) e’ : Bly'/a!]|¢ and
o e C €.

Without loss of generality, we can suppose that each type variable of 47 is distinct from @7. Thus, by
weakening (Lemmas 4 and 2) and the TH,

,y% z: Aly! /al];none + e’[EﬁJ/resume]ngf[ : B[y /al]|€.

By Lemma 2,
J 1
T,87,~",z: A[y"/a'];none + e'[EﬁJ/resume]Xng : Bly'/al]|€.

Since I, 87 F C’, we have

5:7'1¢ /4] BIC! ja] | €

r,87,z:A[C'/al];none F e’[EﬁJ/resume}XﬁJ'U

by Lemma 5. Since I', 37 v : A[C’/a’], we have
I, 37 none F e'[EﬁJ/resume]ng.'UCI[CI/'yI][v/x] :B[CT/al]|€ (1)

by Lemma 9.
Since I'+ EB” : VB’ (B[C'/a!]) — D|e, we have

r,y:v8’.B[C'/a' |- EP :vB’.(B[C'/a']) — D|e

for some fresh variable y by Lemma 2. Since I',y:V87.B[C'/a’],3”;none + yB7 : B[C'/a!]|() by
(T_VAR), we have

I,y:¥B8’.B[C!/a'];none - B’ [y37] : D|¢ (2)

10



by Lemma 10 and (T_-WEAK).
By (1), (2), and (T_LET),

[';none lety = Aﬁj.e’[EﬁJ/resume}ngfl[CI/'yI][v/x] in £’ [y 87

which is what we have to show by definition of substitution for resume.
2. By case analysis on the typing rule applied last.

Case (TH_RETURN): By the IH.
Case (TH_OpP): By the IH; note that

s AT op(z) — e’)[Eﬁ"/resume]ng_'fI

(
= h’[EB‘]/resume]ng.'fI;Afyf/.op(x) — e

Lemma 12 (Constant inversion). IfT;r b ¢ : Ale, then ty(c) = A.

Proof. Straightforward by induction on the derivation of I';r F ¢ : Ae.

Lemma 13 (Abstraction inversion). IfT';r - Az.e : A —€ Ble, thenT,z: A;r Fe : Ble.

Proof. Straightforward by induction on the derivation of T';r F Az.e : A —¢€' Be.
Lemma 14 (Continuation inversion). IfI';r + #op(a!,w, E) : D |¢, then

e ol =vpg’.Cct,

o w = AB’.v,

o E captures 87 at the hole,

o ¢ Ce,

e ty(op) = Va!.A < B,

eop €€,

e IHVA’.CT,

o I.B7;r Fuv:AlC'/a']|€, and

e T'HE:VB/.(B[C'/a!]) = D|¢
for some a!, 87, C', A, B, v, and €.
Proof. Straightforward by induction on the derivation of T';r - #op(a!, w, E) : D |e.
Lemma 15 (Handler inversion). Suppose that T;r Fh: Ale= Bl€.

1. If k™ = returnz — e, then T, z: A;r b e : Bl€ for some z and e.

2. For any op € ops(h),

e h°P = Aal.op(z) — e,
o ty(op) = Val.C < D, and
el alz:C;(al,C,D —€¢ B) Fe:B|¢

for some o', z, e, C, and D.

Proof. Straightforward by induction on the derivation of T';r - h: Aje = B|€.

11
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Lemma 16 (Canonical forms). IfT;r Fov i€, then v = c.
Proof. Straightforward by induction on the derivation.
Lemma 17. IfT;r+h:Ale= B|e andop € € and op & ops(h), then op € ¢

Proof. Straightforward by induction on the derivation of T';r F h: Ale = B]|¢.

Lemma 18 (Progress). If A;none b e : Ale, then (1) e — €' for some €', (2) e is a value, or (3) e

#op(o, w, E) for some op € €, o, w, and E.
Proof. By induction on the derivation of A;none e : A|e.
Case (T_VAR): Contradictory.

(
Case (T_CoNsT): Obvious.
Case (T_ABS): Obvious.
Case (T_APP): We are given

® € = € €,

e As;none ey ey : Ale,

e Ajnone ke : B—e€ Ale,
e A;jnone e : Be, and

o ¢ Ce.
By case analysis on the behavior of e;. We have three cases to be considered by the TH.

Case ey — e for some ej: We have e — e es.
Case e; = #op(o, w, F) for some op € ¢, o, w, and E: By (R-OpApP1) and (E_EvAL).
Case e; = vy for some v;: By case analysis on the behavior of e; with the IH.

Case e; — €}, for some e): We have e — vy €).
Case e; = #op(o, w, E) for some op € €, o, w, and E: By (R_OPAPP2) and (E_EVAL).
Case e; = vy for some vp: If v; = ¢; for some ¢;, then B = ¢ and ty(c;) = ¢t = () A and € =

Lemma 12. Since A;none F v : ¢]€, there exists some ¢z such that v = c¢o and ty(c2) = ¢. By the
assumption about constants, ((¢1, ¢2) is defined and ((¢q, ¢2) is a constant and ty({(c1,c2)) = A. Thus,

e = c1 ¢ — ((c1, ¢2) by (R_CoNsT)/(E_EVAL).

If vy = Az.e’ for some z and ¢/, then e = (Az.e’) 13 — ¢’[v2/z] by (R-BETA)/(E_EVAL). Note that

substitution of vy for z in ¢’ is defined since A,z : B;none ¢’ : A|€ by Lemma 13.

Case (T_OP): We are given

e = #op(C', ¢'),
A= B[C'/al),
A;none +#op(C',e') : B'[CT/a!] | €

o ty(op) = Val. A" — B,

e op € ¢

e A;none e : A'[CT/a']|e, and
e AL C.

By case analysis on the behavior of e’ with the TH.

Case ¢/ — ¢” for some e’: We have e — #op(C7, ¢").
Case ¢/ = #op/(o!',w, E) for some op’ € ¢, ¢!, w, and E: By (R_OPOP) and (E_EVAL).
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Case ¢/ = v for some v: By (R_-Op)/(E_EVAL).
Case (T_OPCONT): Obvious.
Case (T_-WEAK): By the IH.
Case (T_HANDLE): We are given

e ¢ = handle e’ with h,
e A:none + handle ¢’ withh : A e,
e Ajnone ke : B|€, and

e Ajnone - h:Ble = Ale.
By case analysis on the behavior of ¢/ with the TH.

Case ¢/ — e for some e”’: We have e — handle ¢’ with h.

Case ¢/ = #op(o,w, F) for some op € €, o, w, and E: Ifop € ops(h), then we finish by Lemma 14 and (R-HANDLE)/(E_EV
Otherwise, ifop & ops(h), we have e = handle #op(o, w, E) with h — #op(o, w, handle E with h) by (R_OPHANDLE)/(E_Ev
Note that op € € by Lemma 17.

Case ¢/ = v for some v: By (R_.RETURN)/(E_EVAL).
Case (T_-RESUME): Contradictory.
Case (T_LET): We are given

o ¢ = letz = Aal.ejinesy,
e A,al;none e, : Be and
o Az:Val.Bjnone ey : Ale.

By case analysis on the behavior of e;.
Case e; — e] for some ef:

Case ¢; = #op(o”/, w, E) for some op € ¢, 07/, w, and E: By (R_OPLET) and (E_EVAL).

Case e; = vy for some v;: By (R_LET)/(E_EVAL). Note that substitution of Aa!.v for z in ey is defined since
A,z:Val.B;none - ey 1 Ale.

O
Lemma 19.
1. If T;none e : Ale, thenT F A.
2. IfTsnone Fh:A|le= B|¢€, thenT F B.
3 IfTHE:0 —oAleand Tk o, thenT F A.
Proof. Straightforward by mutual induction on the typing derivations with Lemma 4. O

Lemma 20 (Subject reduction).
1. If Ajnone F ey : Ale and ey ~ eq, then A;none ey @ Ale.
2. If Ajnone F ey : Ale and e; — ea, then Ajnone ey : Ale.
Proof. 1. Suppose that A;none Fe; : Ale and e; ~ e3. By induction on A;none ey : Ae.

Case (T_VAR): Contradictory.
Case (T_ConsT): Contradictory; no reduction rules can be applied to constants.

Case (T_ABs): Contradictory; no reduction rules can be applied to lambda abstractions.
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Case (T_App): We have four reduction rules which can be applied to function applications.

Case (R_CoNST): We are given
® e = (10,
e e = ((c1, ),
e Asnone ¢y eyt Ale,
e Asnone k¢ : B—¢€ Ale,
e A;none ¢y : B¢, and
o ¢ Ce
By Lemma 12 and the assumption about constants, we have B = ty(cz) = ¢ and ty(c;) = ¢+ = () A and

¢ = () for some (. By the assumption about ¢, ((c1, ¢2) is a constant and ty(((c1, c2)) = A. Thus, by
(T_CoNnsT), A;none - ((¢1, c2) : A€ note that = A by Lemma 4.

Case (R_-BETA): We are given

e ¢; = (Az.e)v,

e ¢ = efv/z],

e Ajnone F (Az.e)v : Ale,
Asnone F Az.e : B —¢ Ale,
e A:none v : Ble, and

e ¢ Ce
By Lemma 13, A,z: B;none e : A|€. By (T-WEAK), A,z:B;none - e : A|e. By Lemma 9 (1),
A;none F e[v/z] : Ale.
Case (R-OPAPP1): By Lemma 14, we are given
o e1 = #op(VB'.CT,AB’ v, EP') e},
o ¢, = #op(VB7.CT,AB7 v, EP ¢}),
e A;none - #op(VB7.CT AB7 v, EP Y el : Ale,
e A;none #op(V,@".Cl,A,B'].U,E’BJ) : B —¢€ Ale,
e Ajnone €} : Ble,

o Ce

o ty(op) = Val. A" — B’
o " Cg,

e opc ¢

e AFV3/.CT,

e A, B37:none v : A[C!/al]| €, and
e A EP V3 (B[C/al]) — B —€ A€
for some e}, €, !, 87, B, Ccl, A, B, and ¢ .
Since ¢ C € and €’ C ¢, we have
A+ EP ¢ v (B'[CT/a']) — A€
by (TE_WEAK) and (TE_Apprl). By (T_-WEAK),
A,B7;none o A[CT/al] e

Thus, by (T_-OpCONT), we have the conclusion.
Case (R-OPAPP2): Similar to the case of (R_OPAPPI).
Case (T_OP): We have two reduction rules which can be applied to effect invocation.
Case (R-OP): We are given
® & = #OP(CI’U)v
o ¢, = #op(C’,uv,][]),
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4 = BICal),
A;none F #op(C',v) : B'[CT/al]|e,

e ty(op) = Val. A" — B,

e op € ¢

e A;none Fov : A[C!/al]|e, and
o« A C.

By (TE_HOLE) and (T_OPCONT), we have the conclusion.
Case (R_-OPOP): By Lemma 14, we are given
o ¢ = #op’(C’I/,#op(VﬂJ.C’I,AﬁJ.v,EﬁJ))7
o ¢ = #op(VB7.CL, AB v, op'(C"T, EPY),
« 4=B[C" /4",
e A;none #op'(C"I/,#op(V,BJ.CI,A,BJ.v, ERTY) B’[C’]//ﬂyll] |e
o ty(op') = vyl A" — B,
e op’ € ¢,
e AFC',
e A;none + #op(V37.CT,AB” v, E'BJ) : A’[C'I,/’yl/] e,
e ty(op) = Val.A” — B,
e op € €,
o Ce
e« AFVB’.CT,
e A,B7;none v : A”[C'/a’]| €, and
o A+ EP VB B'[CT/al] — A[C'" 41| €.
By (TE-WEAK) and (TE_OP),
At #op(C' EP'): VB .B"[C! /o] — B'[C" j4"] e
By (T-WEAK),
A, B none v - A"[CT/al] e
By (T_-OpCoONT), we have the conclusion.
Case (T_OpCoNT): Contradictory.
Case (T_-WEAK): By the IH and (T_-WEAK).
Case (T_HANDLE): We have three reduction rules which can be applied to handler expressions.
Case (R_-RETURN): We are given
e ¢; = handlevwith h,
o MM = returnz — e,
o e = elv/z],
A;none F handlevwith b : A]e,
e As;none v : B|€, and
Asnone Fh:Ble = Ale.
By Lemma 15, T',z: B;none - e : A|e. By Lemma 9, we finish.

Case (R_-HANDLE): By Lemmas 15 and 14, we are given
e e; = handlettop(V3’.C", AB” v, E® ) with h,
o h°* = Aal.op(z) — e,
o ¢ = clhandle B8’ with h/resume]},5,"C' [C[L7/B7)! ja!][o[ L7 /8] /2],
e A;none + handle#top(¥37.C*, AB’ v, Eﬂj) withh : Ale,
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e Ajnone Hh: Ble = Ale,
A;none l—#op(V,@".Cl,Aﬁ'].v,E’BJ) :B|¢€,

[ ]

e ty(op) = Val. A" — B,

o Aal z: Al (af, A", B we A) e :Ale,
eopc ¢,

o C ¢,

e ArVvpa’.Ct,

e A, B37:none v : A[CT/al]|€, a
e AFEP v ﬁ‘]B[CI/a]—oB\e”
Since A - EA’ :¥B7.B'[C'Ja'] — B|€’ and A;none - h: B|€ = Ale, we have

A,al z: A+ handle E? withh : V37 B'[C! Ja'] — A€ (3)

by (TE_-WEAK), (TE_HANDLE), and weakening (Lemmas 4 and 2). Since A, 37;none v : A[C!/a!] | €’
we have

Aol z: A, B v ACT o] (4)
by weakening. Since A -V B87.C', we have
Aal z:A+-vpl.Cl. (5)
Since A,af,z: A';(al A/, B’ =€ A) F e : Ale, we have

A,al,z: A’ none F efhandle BE# with h/resume}xgj:f, cAle

by Lemma 11 with (3), (4), and (5). Since A +VB7.C’, we have A+ C[L7/B7]!. Thus,

Az A [C[L7/B7) /al]; none
- c[handle £ with /resume]’,3,"C'[C[L7 /87]! ja!] : A|e

by Lemma 5, where note that A{C[L”/3”]! /a'] = Abecause A - A by Lemma 19. Since A, 8”7;none I
v : A'[CT/al]| €, we have

Arw[L?/p’]: AlC[L7 /8] /o]
by Lemma 5, where note that 37 do not occur free in A’ since A’ is the argument type of op. By
Lemma 9,

Ajnone
F e[handIeEﬁ with h/resume] [ [L7/B71 /] v[L?/B7] : Ale,

which is what we have to show.
Case (R_OPHANDLE): By Lemma 14, we are given
e ¢, = handle#top(VB7.C!, AB’ v, EB") with h,
o ey = #op(VB3/.C', AB’ v, handle EA’ with 1),
e op ¢ ops(h),
e A;none I handle#op(VB87.CY, AB” v, EB Ywithh : A|e,
e A;none - #op(VB’.CT,AB’ v, EB’) : B¢,
As;none Eh: B|e = Ale,

o C¢,
o ty(op) = Val. A — B/,
e opc ¢,

e ArV3/.CT,
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e A,B7;none v : A'[CT/a’]|€”, and
e A+ EP :v3/ (B'[C/al]) — B|¢".
By (TE_WEAK) and (TE_HANDLE),

A+ handle E#” with h : V87 .(B'[CT Ja']) — A|e.
Since A, B8”;none F v : A'[C!/a’]|€’, we have
A,B”;none v : A'[CT/al]|e
by Lemma 6. Since op € €’ C ¢ and A;none - h: Ble = A|e and op & ops(h), we have op € € by
Lemma 17. Thus, we finish by (T-OPCONT).
Case (T_RESUME): Contradictory.

Case (T_LET): We have two reduction rules which can be applied to let expressions.

Case (R_LET): We are given
e ¢ = letz = Aavine,
o e = e[Aa.v/z],

A;jnone Fletz = Aavine : Ale,
e A a;none v : Ble, and
e Ajx:Va.B;none e : Ale.
We have the conclusion by Lemma 9.
Case (R_OPLET): By Lemma 14, we are given
e ¢1 = letz = Aol #op(V37.CT ,AB’ v, EF Yine,
o e, = #op(Val.VB’.C" Aol AB v letz = Aa! .EF ine),
e A:none letx = AaI.#op(V,BJ.CI/,AﬂJ.v,Eﬂ/) ine : Ale,
e A, al;none +#op(V37.C" AB’ v, EB’) : Be,
e Ayz:Val.Binone e : Ale,
e ¢ Ce
o ty(op) = ¥y A" — B,
e op € €,
e AalFvpl.Cl,
e Aal, 37 none F v : A’[Cll/'yjl] | €, and
o Aol - EP vBl (B[C /4!']) — B¢
By (TE_-WEAK) and (TE_LET),

Atletz =Aa! . E? ine:Val V@7 .(B'[CT /7"]) — Ale.
Since A, al F VﬂJ.CIl,
Arvalvp’.cl.
Thus, by (T_OPCONT), we have the conclusion.

2. Suppose that A;none + e : A|e and e — ey. By definition, there exists some E, e, and e} such that
e1 = Elef], e2 = E[e5], and ef ~ €. By induction on the derivation of A;none - Efe] : Ale. If E = [],
then we have the conclusion by the first case. In what follows, we suppose that E # []. By case analysis on
the typing rule applied last to derive A;none - Elef] : Ale.

Case (T_VAR), (T_ConsT), (T_ABS), (T_-OPCONT), and (T_RESUME): It is contradictory because E = [].
Case (T_APP): By case analysis on E.

Case E = E’ e: We are given
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e Ajnone - E’[e]] : B—€ Ale,
e Ajnone e : Ble, and
e Ce
for some B and €. By the IH, A;none - E'[ej] : B —¢€' A|e. By (T_APP), we finish.
Case E = v E': By the IH.

Case (T_OP): By the IH.
Case (T_-WEAK): By the IH.
Case (T_HANDLE): By the IH.
Case (T_LET): By the IH.
O

Theorem 1 (Type Soundness of \%;). If A;none e : Ale and e —* €' and e’ —/+, then (1) ¢’ is a value or
(2) ¢ = #op(o,w, E) for someop € €, o, w, and E.

Proof. By Lemma 20, A;none F e’ : A|e. We have the conclusion by Lemma 18. O

2.2 Elaboration is type-preserving

Definition 14. Elaboration T >% TV of T to I with S is the least relation that satisfies the following rules.

ELaBG_EMPTY >8I ELABG_VAR
P50 Iz:o>5T,8(z):0
LSF/ ELABG_TYVAR
Ma>ST, « -

Definition 15. FElaboration R > r of R to r is defined as follows.
none > none (a,z:A,B—eC)> (a,A, B =€ ()

Lemma 21. IfI' 1Y, then, for any z:0 € T, S(z):0 € T".
Proof. By induction on the derivation of T > T". O
Lemma 22. IfI' %1, then, for any o, o € T if and only if a € T".
Proof. By induction on the derivation of I > I". O
Lemma 23.

1. IfTyREM : Ale, then FT.

2. IfTsR-H:Ale= B|€, thentT.
Proof. Straightforward by induction on the typing derivations. O
Lemma 24. IfTI';,2:0,T5 >° 1", then I’ = T}, S(2):0,T% and I'1,Ty 5 T, T% for some T} and I'%.
Proof. Straightforward by induction on I's. O
Lemma 25. Suppose that R > r and T >°T7 and - T".

1. If ;R\ M : Ale, then there exists some e such that T; Ri= M : Ale>% e and TV;r e : Ale.

2. IfT;R*- H: A|le = B|¢€, then there exists some h such that ;R H : Ale = B|e >% h and ;7 F h:
Ale= B|€.

Proof. By mutual induction on the typing derivations.

1. By case analysis on the typing rule applied last.
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Case (TS_VAR): We are given I'; R - 2 : B[C/a]| € and, by inversion, - I' and z:Va.B € T'and '+ C. By
Lemma 21, S(z):Va.B € I'. Thus, S(z) is defined, so

I:RFz:B[C/a]le>S S(z) C

by (ELAB_VAR). By Lemma 22, TV I C. By (T_VAR), we finish.

Case (TS_ConsT): By (ELAB_CONST) and (T_CONST).

Case (TS_ABs): We are given I'' R - Az. M’ : B — ¢ C|e and, by inversion, I'z:B;R + M’ : C|¢€.
Without loss of generality, we can suppose that z does not occur in S and I'. Since T' >° IV, we have
I,z:B >5°{z=2} T 2: B by (ELABG_VAR). By Lemma 23, F I',z: B. Thus, I' - B. By Lemma 22,
I"+ B. Thus, by (WF_VAR), - I, z:B. By the IH,I',z: B; R+ M': C|¢ >5°{#=2} ¢/ for some e’ such
that TV, 2: B;r F ¢’ : C'|€. By (ELAB_ABS) and (T_ABS), we finish.

Case (TS_App): By the IHs, (ELAB_APP), and (T_APP).

Case (TS_OpP): By the IH, (ELAB_OP), and (T_OP) with Lemma 22.

Case (TS_LET): Similar to (TS_ABS).

Case (TS_WEAK): By the IH, (ELAB_.WEAK), and (T_WEAK).

Case (TS_HANDLE): By the IH, (ELAB_HANDLE), and (T_HANDLE).

Case (TS_RESUME): We are given I'1,z: D, I'sy; (e, z: B, C —¢ A) - resume M’ : A|e and, by inversion,

® Fl,.TZD,FQ,
e o €Iy,
e ¢ C e and

I',Ty,8,z:B[B/al; (a,z:B,C =€ A)F M': C[B/a]]e.

Let y be a fresh variable. Since 'y, z: D, T'y > I, there exist some I} and T such that IV = I}, S(z): D, T

and T';, Ty % T}, T, by Lemma 24. Since 'y, z: D, Ty, 2 & dom(I';,T'5). Thus, I'1, Ty »>5°{e= v} T 10,

By (ELABG_VAR) and (ELABG_TYVAR), T'y,Ts,3,2:B[3/a] >%°{z—=v} T, T, B,y: B[B/a]. Since

FTY,S(z): D, T, we have - T, T%, B, y: B[3/a]. by Lemmas 8, 23, 22, and 1. Thus, by the TH,

[1,02,8,2:B[8/al;(c,z:B,C = A)F M': C[B/a]|eS°{z=v} ¢
for some e’ such that I'|, T, 8,y : B[B/a];r F ¢ : C[B/a]|e. By applying (ELAB_RESUME),
I',2:D,Tg;(a,z:B,C —¢ A)Fresume M’ : A|e > resumeBy.e.

Since I'(, S(z): D, T4, B,y: B[B/al;r Fe' : C[B/a]|eby Lemma2and a € T, S(z): D, by Lemma 22,
we have
I, S(z): D,Th;r resumeBy.e’ : Ale

by (T_RESUME).
2. By case analysis on the typing rule applied last.

Case (THS_RETURN): Similar to (T'S_ABS).
Case (THS_OP): Similar to (TS_ABS).

O

Theorem 2 (Elaboration is type-preserving). If M is a well-typed program of A, then Q;none - M : A|() >0 e
and Q;none Fe : A|{() for some e.

Proof. By Lemma 25. O
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